Abstract. In this paper, we consider the problem about finding out perfect powers in an alternating sum of consecutive cubes. More precisely, we completely solve the Diophantine equation (x + 1) 
Introduction
In 1964, Leveque [11] proved that, if f (x) ∈ Z[x] is a polynomial of degree k ≥ 2 with at least two simple roots, and n ≥ max {2, 5 − k} is an integer, then the superelliptic equation
f (x) = z n (1.1) has at most finitely many solutions in integers x and z. This result was extended by Schinzel and Tijdeman [17] , through application of lower bounds for linear forms in logarithms, to show that equation (1.1) has in fact at most finitely many solutions in integers x, z and variable n ≥ max {2, 5 − k}.
Earlier in 1875, Lucas [12] considered the Diophantine equation 2) and asked whether the equation (1.2) has solutions in positive integers (x, y) other than (1, 1) and (24, 70). Watson [21] completely solved the equation (1.2) and showed that there are no other solutions.
In 1956, Schäffer [16] studied the more general equation
3)
It is easy to see that for every k and n, (x, y) = (1, 1) is a solution of (1.3). Schäffer [16] proved that if k ≥ 1 and n ≥ 2 are fixed, then (1.3) has only finitely many solutions except the following cases (k, n) ∈ {(1, 2), (3, 2) , (3, 4) , (5, 2)} (1. 4) where, in each case, there are infinitely many such solutions. In the same paper Schäffer gave a conjecture regarding the integral solutions of (1.3). He conjectured that, for k ≥ 1 and n ≥ 2 with (k, n) not in the set (1.4), equation (1. 3) has only one non-trivial solution, namely (k, n, x, y) = (2, 2, 24, 70). There are some results, at least in principle, to determine all solutions of (1.3). However, the bounds provided by these results are not given explicitly. Jacobson, Pintér, Walsh [8] confirm the conjecture for n = 2 and k even with k ≤ 58. Recently, Bennett, Győry, Pintér [1] proved completely the Schäffer conjecture for arbitrary n and k ≤ 11. Following and extending the approach of [1] and using modern techniques of Diophantine analysis including Baker's theory, Frey curves and the theory of modular forms, Pintér [14] proved Schäffer conjecture for odd values of k with 1 ≤ k ≤ 170 and even values of n.
Zhang and Bai [23] generalized the equation (1.3) and considered the more general equation
They completely solved the equation (1.5) for k = 2 and d = x. For k = 2, they also proved that for a prime p ≡ ±5 (mod 12) with p | d and ν p (d) ≡ 0 (mod n), the equation (1.5) has no integer solutions. Cassels [5] solved the equation (1.5) completely for n = 2, d = 3 and k = 3. Zhang [24] determined the perfect powers in sum of three consecutive cubes by rewritting the equation (1.5) for k = d = 3 as
Stroeker [20] completely solved the equation (1.5) for k = 3, n = 2 and 2 ≤ d ≤ 50 using linear forms in elliptic logarithms. Recently, Bennett, Patel and Siksek [3] extended the result of Stroeker for n ≥ 3.
Several generalizations of (1.3) have been considered by different authors. For example Dilcher [7] studied the equation
where χ is a primitive quadratic residue class character with conductor f = f χ and k, b = 0 are fixed integers. This may be viewed as a character-twisted analogue of a classic equation of Schäffer. Recently, Bennett [2] completely solved the Diophantine equation
In this paper we consider the following Diophantine equation 9) where r, x, z are integers and p is any prime number. Now, for odd r (1.9) reduces to the following equation
(1.10)
Putting r = 2d + 1, we have
From the equation (1.11), we can see that gcd((
for some integers z 1 , z 2 and rationals α, β with αβ = 1 and z 1 z 2 = z. The denominator and the numerator of α is composed of prime divisors of 3d(d + 1). From (1.11) and (1.12), we deduce the following ternary equation 
where r, s, t are positive integers and gcd(r, s, t) = 1.
Now we state our main theorem as follows. We follow the methods developed in [3] for the proof of Theorem 1. We would like to point out that the main techniques used in this paper are not original and nowadays well documented in the literature. The main focus of this paper is to highlight the fact that combinations of these techniques sometimes become very handy in solving exponential diophantine equations explicitly.
Perliminaries
We use well known tools such as linear forms in two logarithms, variation of Krauss crieterion, modular method, local solubility, descent for the proof of Theorem (1) . In this section we provide the necessary details for these methods.
Linear forms in 2 logarithms:
We state a special case of the following well known result of Laurent [10] . 
where b 1 , b 2 are positive integers and A 1 , A 2 are real numbers greater than one such that
with
where a is the leading coefficient of the minimal polynomial of α and the α (i) 's are the conjugates of α in C.
Variation of Krauss
Criterion. Now we state the following variation of Krauss criterion for the non-existence of integral solutions to the equation (1.14) for given r, s, t and p.
Lemma 2.3 ([3]
, Lemma 6.1). Let p ≥ 3 be prime. Let r, s and t be positive integers satisfying gcd(r, s, t) = 1. Also let q = 2kp + 1 be a prime that does not divide r.
and
If B(p, q) = φ, then the equation (1.14) does not have any integral solution.
Modular method.
Before going to our problem we would like to give a brief description about modular method. Let E be an elliptic curve over Q of conductor N and #E(F q ) be the number of points on E over the finite field F q for a good prime q. Let a q (E) = q + 1 − #E(F q ). By a newform f of level N, we mean a normalizd cusp form of weight 2 for the full modular group. Write f = q + i≥2 c i q i . Write K = Q(c 1 , c 2 , · · · ) for the totally real number field generated by the Fourier coefficients of f .
We say that the curve E arises modulo p from the newform f (and write E ∼ p f ) if there is a prime ideal p of K above p such that for all but finitely many primes q, we have a q (E) ≡ c q (mod p). If f is a rational newform, then f corresponds to some elliptic curve F (say). If E arises modulo p from f , then we also say that E arises modulo p from F . In this regard we have the following result.
Proposition 3 ([6])
. Let E and F be elliptic curves over Q with conductors N and N ′ respectively. Suppose that E arises modulo p from F . For all primes q
The following result provides a bound for the exponent p.
Proposition 4 ([18])
. Let E/Q be an elliptic curve of conductor N with t | #E(Q) tors for some integer t. Suppose f is a newform of level N ′ and q be a prime with q ∤ N ′ , q 2 ∤ N. Also let
Let c q be the q-th coefficient of f and define
2.5. Descent. We use the following well known method to eliminate remaining cases left after applying the methods stated above.
Consider the equation in integers R, X, S, Y, T,
with R, S, T pairwise coprime integers.
For a prime q, we define
Then SS ′ = v 2 for some integer v. Take RS ′ = u and T S ′ = mn 2 for some integers u, m and n with m squarefree. Substituting these values in the equation (2.3), we have (vX
and O be its ring of integers. Let P be the set of prime ideals of O which divide u and 2n √ −m. The p-Selmer group is given by
and this is a F p vector space of finite dimension. Let
Now it is easy to see that (1) ord q (v), ord q (n √ −m), ord q (ǫ) are pairwise distinct modulo p; (2) ord q (2v), ord q (ǫ), ord q (ǭ) are pairwise distinct modulo p; (3) ord q (2n √ −m), ord q (ǫ), ord q (ǭ) are pairwise distinct modulo p.
Then there is no X ∈ Z and Z ∈ K satisfying the equation (2.4).
Lemma 2.7 ([3], Lemma 9.2). Let q = 2kp + 1 be a prime. Suppose qO = q 1 q 2 where
Suppose C(p, q) = φ. Then there is no X ∈ Z and Z ∈ K satisfying the equation (2.4).
Lemma 2.8 ([3], Lemma 9.3). Suppose
(1) ord q (n √ −m) < p for all prime ideals q of O; (2) the polynomial U p + (ρ − U) p − 2 has no roots in O for ρ = 1, −1, −2; (3) the only root of the polynomial
Then, for ǫ = n √ −m, the only solution to equation (2.4) with X ∈ Z and Z ∈ K is X = 0 and Z = 1.
Proof of Theorem 1 for p ≥ 5
In this section, we use lower bounds for linear forms in logarithms to bound the exponent p appearing in (1.13). We use a special case of Corollary 2 of Laurent [10] .
Then α 1 and α 2 are positive and multiplicatively independent. Moreover, if we write
Proof. One can see that α 1 and α 2 are positive as β > 0 and z 2 > 0. From the equations (1.13),(3.1) and (3.2), we have
since e x − 1 > x for any positive real number x.
Now we want to prove that α 1 and α 2 are multiplicatively independent. On contrary, let us suppose that α 1 and α 2 are not multiplicatively independent i.e., there exist co-prime positive integers a and b such that α Let g = gcd{ord l (α 1 ) : l is prime}. From (3.2), we have
Hence from (3.3) and (3.4), we have
as b | g.
Since |z 1 | ≥ 2, from the equation (3.5) , it follows that
Therefore,
We wrote a Magma script to compute the bound on p for 1 ≤ d ≤ 50. The maximum possible value for the R.H.S of (3.6) is 18.11 corresponding to d = 48 and (α, β) = (1/7056, 7056), which is not possible as p > 19. This completes the proof of lemma. 
Proof. From the equations (3.1), (3.2) and (3.3), we have
Hence log z 2 log z 2 1
where p > 1000 and z 2 ≥ 2. We write a Magma script to find the maximum possible value of the right-hand side which is 1.02, corresponding to d = 50 and (α, β) = (7650, 1/7650). This completes the proof. Now we are ready to apply Proposition 2 to find a upper bound for the exponent p. . Let A 2 = max{z 1 2 , z 2 }. From Lemma 3.1, it is clear that the hypothesis of Theorem 2 is satisfied for our choices of α 1 , α 2 , A 1 , A 2 with D = 1. Let We write a Magma script to obtain p < 4 × 10 4 . This completes the proof of the lemma.
Let z 1 and z 2 be integral solutions of (1.12). Then by Lemmas 3.1, 3.2 and 3.3, we found p < 4 × 10 4 , for |z 1 | ≥ 2 and z 2 ≥ 2 with z For 1 ≤ d ≤ 50, (α, β) ∈ S d and 5 ≤ p ≤ 4 × 10 4 , we wrote a Magma script with k ≤ 765, that searches for a prime q satisfying q = 2kp + 1 ∤ r such that B(p, q) = φ. We note that if there exist such a prime q with B(p, q) = φ, then by Lemma 2.3 the equation (1.13) has no solution for exponent p. This criterion fails when β = 3d(d+1) (equivalently r = t) for which we have the trivial solution (z 1 , z 2 ) = (0, 1). In addition, for β = 3d(d + 1) (equivalently r = t) we found 1716 quintuples (d, p, r, s, t) which fails to satisfy this criterion. Now, to complete the proof of Theorem 1 for p ≥ 5, we are remaining with the following cases.
(
t).
To solve the equation (1.14) for r = t and p < 5 × 10 4 we want to apply modular method. Here we use the recipes of Kraus [9] due to Wiles [22] , Ribet [15] and Mazur [13] .
In the case r = t, the equation (1.13) has a solution (z 1 , z 2 ) = (0, 1). In fact, we want to show that (z 1 , z 2 ) = (0, 1) is the only solution.
Since r = t, we have α = 1/3d(d + 1) and thus the equation (1.13) will reduce to
Let R = Rad (3d(d+1)). Since z 1 and z 2 are integers, we have R | z 1 . Hence z 1 = Rz 3 for some integer z 3 . Then from the equation (3.13), we have
(3d(d+1)) 3 then the above equation becomes
It is easy to see that Rad(T ) = R. Further we assume that
for all odd primes q. We want to show that z 1 = 0 for the equation (3.13). On contrary, let us assume that z 1 = 0, which implies z 3 = 0. Also z 2 = 0. The equation (3.14) can be written in the following form
where A = −1, B = −T, C = 1, x = 1, y = z Now we associate a solution (z 2 , z 3 ) to the Frey Curve
The Weierstrass model given in (3.16) is smooth as z 2 z 3 = 0. Let E ∼ p f , where f is a weight 2 newform of level N p with N p is defined as follows: Suppose f is rational and hence we get an elliptic curve F of conductor N p . Now we choose a prime q = 2kp + 1 such that q ∤ N p and E has multiplicative reduction at q. Then by Proposition 3, q + 1 ≡ ±a q (F ) (mod p) and this will imply 4 ≡ (a q (F )) 2 (mod p) as q ≡ 1 (mod p).
Suppose that f is irrational. Since c q ∈ Q for infinitely many coefficients of f , we have B q (f ) = 0 for infinitely many primes q. Then Proposition 4 allows us to bound p. In fact, this bound is very small. Here we improve this bound by choosing a set of primes P = {q 1 , . . . , q n } such that q i ∤ N p for all i and B P (f ) = gcd(B q (f ) : q ∈ P).
From the above observations, the following lemma which is a variant of Lemma 7.1 in [3] , is very helpful to eliminate newforms of level N p . Condition (1) in Lemma 3.4 is equivalent to say that E has multiplicative reduction at q. Lemma 3.4. Let 1 ≤ d ≤ 50. Also let p ≥ 5 be a prime which satisfies the inequality (3.15) for all primes q. Let N p be given in (3.17) . Suppose for each irrational newform f of weight 2 and level N p there is a set of primes P not dividing N p such that p ∤ B P (f ). Suppose for every elliptic curve F of conductor N p there is a prime q = 2kp + 1, q ∤ N p , such that , 3d(d + 1)
Now we write a Magma script for each 1 ≤ d ≤ 50 which computes the newforms of weight 2 and level N p . Here we assume that P is the set of primes < 100 that do not divide N p . Then for each irrational newform we compute B P (f ).
For every prime 5 ≤ p < 4 × 10 4 that do not divide B P (f ), satisfies the inequality (3.15) and for every isogeny class of elliptic curves F of conductor N p , we search for the primes q = 2kp + 1, q ∤ N p with k < 765 such that condition (1) and (2) of Lemma 3.4 hold.
If we find such a prime then the equation (1.11) has no solution with r = t. The criterion holds for all values of p except for few small values of p. When N p = R, there are 55 cases where either p does not satisfy the inequality (3.15), or it divides B P (f ) for some irrational newform f , or q do not satisfy condition (1) and (2) For other special cases of N p we are remaining 3 equations, which do not satisfy the above conditions. The largest value of p among the 58 quintuples is p = 19 with d = 37, α = 1/4218, β = 4218, r = t = 75044648232, s = 1. Now we have total 1716 + 55 + 3 = 1774 remaining equations, which can not be eliminated by Lemma (2.3) and modular approach. These equations are of the form (1.14) with r, s and t positive integers and gcd(r, s, t) = 1. There is a possibility that r, s and t may not be pairwise coprime. We apply the procedure mentioned in [ [3] ,section 9.1] which is nothing but a repeatative way of clearing out the common factor to get an equation of the form
where R, S, T are pairwise coprime and X, Y are divisors of z 1 , z 2 respectively.
If there exist a solution for the equation (3.18) , then −ST is a square modulo q for any odd prime q ∤ R. Also we check for local solubility at the primes dividing R, S, T , and the primes q ≤ 19. Applying these above tests, we are remaining with 175 equations after elimination. For these remaining equations we apply descent.
By applying Lemma 2.6 and 2.7 to the remaining equations, which were left after local solubility, we eliminate ǫ ∈ Θ. But we know that if r = t then the equation (1.14) has a solution, i.e., (z 1 , z 2 ) = (0, 1). For r = t, the reduction process leads to R = T = 1. Thus the solution (z 1 , z 2 ) = (0, 1) in (1.14) corresponds to (X, Y ) = (0, 1) in (3.18). Also n √ −m(K * ) p ∈ Θ. Hence using Lemma 2.6 and 2.7, we eliminate all ǫ except the case ǫ = n √ −m as the equation (2.4) has a solution namely, (X, Z) = (0, 1).
For the case ǫ = n √ −m, the equation (3.18) has only one solution (X, Y ) = (0, 1) by Lemma 2.8. If X = 0 then z 1 = 0 and hence, x = −(d + 1). If Lemma 2.6, 2.7 and Lemma 2.8 allow us to conclude X = 0, then we can eliminate (r, s, t) as we can consider x = −(d + 1). We write a Magma script for above procedure and we eliminate 164 equations. Now we have to solve only 11 remaining equations by Thue approach. By writting V = Y 2 in (3.18), we obtain the Thue equation 19) z 1 = α 1 · z 2 for some integer z 2 , hence we have u 3 · u 4 = α 1 z Table 1 . The integral solutions to equation (1.9) for r = 2d + 1 with 1 ≤ d ≤ 50 and p is prime.
Hence we see that (2, 2, −2, 7), (3, 12, −3, 7), (6, 14, −6, 5) are solutions for (d, x, z, p) in the equation (1.9) . In general, when r is even in the equation (1.9), we conjecture the following. 2, −2, 7), (3, 12, −3, 7) , (6, 14, −6, 5), (27, 215, −9, 7)}.
